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M2 = 1

M3 = 2

M4 = 4

M5 = 9

M1 = 1

Def. A unary-binary tree is a rooted, ordered tree with node degrees all 0, 1, or 2.
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Q. How many unary-binary trees?

M = Z + Z ⇥M + Z ⇥M ⇥M
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GF equation M(z) = z + zM(z) + zM(z)2

explicit form M(z) =
1− z −
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coefficient 
asymptotics “Motzkin numbers”



IMPORTANT NOTE: It’s wise to check GF equations before trying to solve them!

M(z) = z + zM(z) + zM(z)2

M(z) = z + z2 + 2z3 + 4z4 + 9z5 + . . .

+z4 + z5 + . . .

+2z5 + . . .

z(M(z)2) = z3 + z4 + 2z5 + . . .

z = z

zM(z) = z2 + z3 + 2z4 + 4z5 + . . .

z + zM(z) + zM(z)2 = z + z2 + 2z3 + 4z4 + 9z5 + . . .
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Q. How many unary-binary trees?

construction

GF equation

explicit form M(z) =
1− z −

p
1− 2z − 3z2

2z

coefficient 
asymptotics



Errata  just posted:

Complex asymptotics is often not needed.

BUT it allows us to address entire classes of problems (stay tuned).
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Q. Match each diagram with its description

A. random Catalan tree

B. random BST

C. random AVL tree

Some questions are very easy if you’ve watched the lecture (and impossible if not).

A

B

C
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Q.  What is the probability that a random perm of size n has exactly 2 cycles?

1/2

3/6
11/24
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Q.  What is the probability that a random perm of size n has exactly 2 cycles?

construction

EGF equation

coefficient 
asymptotics

P2 = SET2(CY C(Z))
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A. Hn −1/n

technique: differentiate both sides
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Q.  What is the probability that a random perm of size n has exactly 2 cycles?

construction

EGF equation

coefficient 
asymptotics

pn = (n� 1)!Hn�1
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Q. Identify the most likely and least likely events for a random permutation of size 1000.

no cycles of length a power of 2

no cycles of length less than 5

no cycles of length 1, 2, 3, or 7

no cycles of length greater than 400

1 + 1/2 + 1/3 + 1/4
.
= 2.0833

1 + 1/2 + 1/3 + 1/7
.
= 1.976

1 + 1/2 + 1/4 + 1/8 + . . . 1/512
.
= 1.998

1

e↵

most likely

least likely

probably unfair
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