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http://aofa.cs.princeton.edu



Orientation

Second half of class
¥Surveys fundamental combinatorial classes.
¥Considers techniques from analytic combinatorics to study them .
¥Includes applications to the analysis of algorithms.

chapter combinatorial classes type of class
6 Trees unlabeled
7 Permutations labeled
8 Strings and Tries unlabeled
9 Words and Mappings labeled

Note: Many more examples in book than in lectures.

type of GF

OGFs

EGFs

OGFs

EGFs




ANALYTIC COMBINATORICS

PART ONE

9. Words and Mappings

¥ Words
ANALYSI ¥ Birthday problem
ALGORTFTHMS ¥ Coupon collector problem
¥ Hash tables
¥ Mappings
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Symbolic method for unlabelled objects (review)

Warmup: How many binary strings with N bits?

: . Atoms

Class B, the class of all binary strings
Size |b|, the number of bitsin b

— I 5
ok )(3= a'l = )5 a

1) 5!

Construction )= :,8(A+ A)
OGF equation )(3 = .

(g}

[&])(g= ° |

type

0 bit

1 bit

class size GF

A 1 z

A 1 z

Oa binary string is a sequence
of 0 bits and 1 bitsO



Symbolic method for unlabelled objects (review)

How many strings drawn from an  M-char alphabet with N chars?

Atoms i
Class S, the class of all strings type dEE | ke GF
char 1 Z1 1 z
Size |s|, the number of charsin s char 2 7> 1 7
. - é_z = : 8.5
e (3 ° char M Zwm 1 z
z 5!

Construction = ,8(A+ A+ ...+ A) Oa string is a sequence of charsO
OGF equation (9= | ;

4 ¢

Extract coefficients [ a5] (9= 4 5



Symbolic method for labelled objects (review): sets

Q. How many labeled sets (urns) of size N?

A. One.



Labelled objects review (continued): sets

Q. How many ordered pairs of labelled sets of N objects? @ @
ole e ©
O
2 ol 5 0|0
(1) !
® D @ @
e SO ® N6
! @ @
© !
P.=4 @ @ @

A. 2N

Q. How many sequences of length M of urns with N objects in total ?




Balls-and-urns viewpoint

Q. How many different ways to throw N balls into 2 urns?

L

Wo=1

® O e

O O ©

A. 2N

g
1
SN

O P& PO OO
OO CONNOONNOO0,




The symbolic method for labelled classes (review)

Theorem. Let A and B be combinatorial classes of

construction
disjoint union

labelled product

sequence

set

cycle

notation

A+ B
A OB
SEQ(A)
SEQ(A)

SET(A)
SET(A)
CYG(A)

CYC(A)

cycles of objects from

semantics

disjoint copies of objects from

k- sequences of objects from

sequences of objects from

sets of objects from A

Aand B

ordered pairs of copies of objects,
one from A and one from B

A

A

k-sets of objects from A

k-cycles of objects from A

A

labelled objects with EGFsA(z) and B(z). Then

EGF

((a+ )(3
((3)(9
((3°

b ((3

(37"
L((3

((37F

In ———

b ((9



Words

Def. A word is a sequence of M urns holding N objects in total.
Othrow N balls into M urnsO
Q. How many words ?

Class W, the class of M-sequences of urns Atom type class size GF

: : _ labelled atom Z 1 y4
Size  |w]|, the number of objectsin  w

(a I é’\| I a5 Example {7}{183}{}{24}{569}

EGF >4(3= AT > 457

TR 51 o NECANREOCRENO
®) &) @ ©®O

®
@ ® ®

Construction >4= 1,84(:,:(A)

OGF equation >408=( 1 4= e

Counting sequence 51 a5] >4(9= 4 5

10



A 1:1 correspondence

A string is a sequence of N characters (from an M-char alphabet). There are MN strings.

A word is a sequence of M labelled sets (having N objects in total). There are  MN words.

123456 72809 Typical string
2 4 2 455125 2 4 2 4 5 5 1 2 5
\ X Typical word
4 /@ 5
(™) | {7}{183}{}{24}{569}
® ) @ ©OC
Correspondence

¥For each iinthe kth setinthe word setthe ith charinthe stringto k.
¥If the ith charinthe stringis Kk, put iintothe kth setin the word.

11



Strings and Words

Familiar definition.

A string is a sequence of N characters (from an M-char alphabet).

Combinatorial definition.

A word is a sequence of M labeled sets (having N objects in total).

1-1 correspondence between words and strings
¥Length of sequence in word: number of chars M in the alphabet.
¥Number of objects in the set: length of string N.
¥k th set in the sequence: indices where k appears in the string.

Q. What is the difference between strings and words?

A. Only the point of view.
¥ With strings (last lecture) we study the sequence of characters.
¥ With words (this lecture) we study the sets of indices.

123

000

001

010

011

100

101

110

111

N=3
M=2
{123}{}
{12}{3}
{13}{2}
{1}{23}
{23}{1}
{2}{13}
{3}{12}

{1{123}

12



Strings and Words (summary)

GF

class type type

STRING unlabelled OGF

WORD labelled EGF

typical

242455125

AN ®
®® @ OO
{7}{183}{}{24}{569}

242455125

388
@@H‘@‘@

construction

S=SEQEi +..+Zw) (=

Wu = SEQU(SETQ)

GF

| 4

>4(9= L

c

count

MN

MN

13
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ANALYSI ¥ Birthday problem
AN AR ¥ Coupon collector problem
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Birthday problem

One at a time, ask each member of a group of people their birth date.

May 26 October 31

March 4

July 3 December 12

June 14

Q. How many people asked before finding two with the same birthday?

Quick answer: at most 365

15



Birthday problem

Throw N ballsinto M urns, one at a time. @ @ @ @ @ @ @ @

UL

Q. How long until some urn gets two balls (for M = 365) ?

16



Birthday sequences (words with no duplicates)

Def. A birthday sequence is a word where no set has more than one element

a string with no duplicate letters
Q. How many birthday sequences?

Class Bw, the class of birthday sequences Example
! 4" | 5 {3H{H{3H{1}{}{}{4}{2}{}
EGF )a(3= A )45@ 4817 3
N Vs ' 5! '
Construction )a= ,84(,+ A
OGF equation )a(d=( + 3 4
4 4!
. 5 _ _
Counting sequence 5MNa])s(g= 5! 5 = m

= 4(4! )...(4! 5+ )



Birthday problem

Number of N-char M-words |
_ 404!
where no char is repeated

Probability that no char is repeated
in a random M-word of length  N.

Expected position of the first repeat

Laplace method to estimate Ramanujan Q-function
(see Asymptotics lecture)

41
(4! )...(4! 5+ )= aT 5
4 Same as the probability
aar Ty bl
! 4!
Lol 45041 B)

= + 8(4)! V4

Theorem. Expected position of the first repeated character in a random M-wordis | Y 4

18



Birthday problem

Birthday problem

One at a time, ask each member of a group of people their birth date.

May 26 October 31

March 4
July 3 June 14 December 12

Q. How many people asked before finding two with the same birthday?

Q. How many people asked before finding two with the same birthday?

A. About 24. % bc 1 Y4
scale=5

sqrt(3.14159+*365/2)
23.94453 19
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Coupon collector problem

One at a time, ask each member of a group of people their birth date.

May 26 October 31
March 4
July 3 June 14 December 12
Q. How many people asked before finding every day of the year

Quick answer: at least 365

?

21



Coupon collector problem

Throw N balls into M urns, one at a time.

Q. How long until each urn has at least one ball ?

LOOOWOOOOO

22



Coupon collector problem

A collector buys coupons, each randomly chosen from M different types

Q. How many coupons collected before having every possible coupon?

Quick answer: at least 365
23



Coupon collector problem

Roll an M-sided die.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

91219 3 5201017162013 8 2 9 21517 3 911 7 18 2 10 1 2012 5145 5 9 4 5 6

1 23456 7 8 9 101112 13 14 15 16 17 18 19 20
e e e e

first repeat

Q. How many rolls until seeing all M values ?

24



Coupon collector (classical analysis)

| :
Probability that more than | rolls are ' _R
needed to get the ( k+1)st coupon 4
1
Expected number of rolls _R#% = 4
to get the ( k+1)st coupon 0 4 I R4 41 |
' 4 L
Expected number of rolls =4/ 4" 4In 4 by linearity of
to get all coupons o4 41 R expectation
Theorem. Expected number of coupons needed to complete a collection of size Mis~MIn M.

Motivation for studying in more detall
* Discover variance and other properties of the distribution.
* Learn structure suitable for analyzing variants and extensions.

25



Coupon collector sequences (M -words with no empty sets)

is an M-word with no empty set

Def. A coupon collector sequence
a string that uses all the letters in the alphabet

Q. How many coupon collector sequences?
Example (M= 26)
the quick brown fox jumps over the lazy dog

Rwm, the class of coupon collector sequences

Class
Example (M=5)
! a’l ! & 24245515 3
EGF 94(32 Tl = 945_
gl 5! {7}{13}{9}{24}{568)
9= :,84(:,5> (A)

Construction

EGF equation 94(9=( L™ )4
S 0.(3= 5[] 1 )L R

! 4 N
Q o B4 B ~m )

Counting sequence



Coupon collector sequences (EGF analysis, continued)

Probability that a random '

M-word of length N is a 43
coupon collector sequence.

Probability that collection
in a random M-word

completes in > N chars.

Average number of chars to
complete a collection in a
random M-word.

:@ Knuth Exercise 1.2.7-13

27



Coupon collector (OGF analysis)

Class

OGF

PGF

Mean wait time
for k coupons

Wik, the class of M-words with k different letters and the last letter appearing only once

Example

W(z) = ) 2™ = > Winz" 6

6

2

6 2 2

6

{}{3567}{9}{}{}{1248}

Wi (z/M) = ) W/\/I/\/k—
N>0

Winvink
Wik = Wig(z/M)| _ =37 N=UEN
- N>0

®
®
®
®

e [ ][]

@
©),
®

28



Coupon collector (OGF analysis, continued) Whi | M-words with K different letters and

the last letter appearing only once.

Construction Wk = (k=1 Zx Wy + M —k+1)Z x Wnk=1)

OGF equation (1 — (k = 1)2)Wy(z) = (M — (k — 1)) zWpk—1)(2) OG\E\/M/((Z)
Evaluate at z/ M PGF
(M — (k= 1)2)Wyn(z/M) = (M — (k — 1))2Wig4_1)(2/M) Wi/ M)

Differentiate and evaluate at 1 Wait time for k coupons

(M= (k=1))wpk — (k=1) = (M = (k= 1)) (Wn—1) + 1) Wik = Wi, (z/M)

z=1
Rearrange terms and telescope
k—1 M
Witk = WM(k=1) + 77— k—1) 1 =Wug-1) + 77— k—1)
M
= /\/l—— = M(H/\/l - HM—k)
Wait time for full collection 0<j<k /

29



Coupon collector problem

A collector buys coupons, each randomly chosen from M different types

Q. How many coupons collected before having every possible coupon?

A. ~MIn M.
30



Coupon collector problem

Roll an M-sided die.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

91219 3 5201017162013 8 2 9 21517 3 911 7 18 2 10 1 2012 5145 5 9 4 5 6

Q. How many rolls until seeing all M values ?

A. ~MIn M. <«——— About 60 for a 20-sided die

31



Coupon collector problem: Sample application

A program randomly accesses an

M-page memory.

Q. How many memory accesses before hitting every page, when

A. About 14.5 million.

% bc -

1(2)

.69314718055994530941
2"20*1(2720)
14536349.96005650425534480384

M=227?

32



Surjections

Def. An M-surjection is an M-word with no empty set

Def. A surjection is a word that is an

Q. How many surjections of length

Class Rw, the class of M-surjections

Construction
92 = :1,84(:,5> (A
EGF equation
Ru(g=( L2 )*
Coefficients

Ryn ~ MN

«—— Alt name for

“coupon collector sequence”

M-surjection for some M. 111

112

1 121

122

Ri=1 123

132

Class R, the class of surjections 211

i; 212

Construction 21 213

221

R = SEQ(SET~o(2)) R. =3 231

: 312

EGF equation : : 321
— — Rs =13

R(z) 1—(e2—=1) 2—¢*
Coefficients _

N! Best handled with

/\/![ZN]R(Z) ~ i complex asymptotics
2(In2)N+1 (stay tuned for Part I1)

33
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Balls and urns

N rolls of an M-sided die, count number of occurrences of each value.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

9 12 19 3 5 20 10 17 16 13 8 2 2 15

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

N balls
M urns

Classical occupancy problems foran M-word of length  N:
Q. Probability that no urn has more than one ball ?
Q. Probability that no urn is empty ?

Q. How many empty urns  ?

Q. How many urns with Kk balls ?

21 22 23

11 7 18

24 25 26 27 28 29 30 31 32 33 34

1

18 19 20

35



Occupancy distribution (classical) o {g_'\'etr’]a”fr; h'!s””l‘(sbaus}
\Y u

d

Theorem. The probability that a value occurs k times in arandom M-word of length N is

5 t* PR ST
R 7 ! 7 Binomial distribution
For " = N/M fixed and k =O(1), thisis

| kpo!

€ + 0(1 ) Poisson approximation
k!
Proof. [See Lecture 4.]
2511... ) 57
K) - < _2s
} ‘/\ )
I I I | I I I I 0
0 10 20 30 0 10 20 30
Binomial distributionfor N =104and M =103 (! =10). Poisson approximation for N =104and M =103 (! =10).

36



Application: Hashing algorithms

Goal: Provide efficient ways to
¥Insert key-value pairsina symboltable . L TR T
¥ Search the table for the pair corresponding to a given key. Algorithms

Strategy
¥ Develop a hash function that maps each key into value between 0 and M1,
¥ Develop a collision strategy to handle keys that hash to the same value.

Basic algorithms (stay tuned)
¥ Separate chaining Nkeep M linked lists, one for each hash value.
¥ Linear probing Nuse an array and scan for empty spots on collision.

Model

The Art of
Computer
Programming

orting and Searching

DONALD E. KNUTH

¥ Uniform hashing assumption ~ Nhash function maps each key in to a random value.

37



Application: Hashing with separate chaining

Keep M linked lists, one for each hash value.

key hash
S 2
first
£ 0 A {E]
A 0 \
irst
R4 St Nl T independent
E : 2—/ e s Algorithms
- irst /
N = N T B
3
X 2 4_\ Trst Section 3.4
. N
A O LLl—{P] ]
M4 irst
N
P 3 N g N o K o I
L 3
E O

T

a random word!



Application: Hashing with separate chaining

Throw N balls into M urns, one at a time. @ @ @ @ @ @ @ @

Q. Average number of balls in each urn ?

A. Obvious: N/M

Not much help. )
e —

But what are the chances
they're distributed  evenly ? j

Q. Probability that a given urn has k balls ?

A ake—a

Y

where o =N/M




Application: Hashing with separate chaining

Q. If Imake surethat N/M < ", then the average number of probes for a search is <

What is the chance that a search will use more than 5 " probes (under the UHA) ? ,,,,/
Stirling's formula
| | | |
A IRLII_Ill |F<Ill \!R <L!! (U_)F
R R F I )F
R>5! R ! R | (RD R ! .
. |
< _L % bc - |
scale = 20
2*e(-10)*e(50)/5"50
.00000000000000000530
Thanks!

Sk

A. For " =10, less than .0000000000000000054

40



Application: Hashing with linear probing

Throw N balls into M urns, one at a time. @ @ @ @ @ @ @ @

Resolve collisions by moving right one urn.

I T I O

Q. Average number of collisions ?

41



Application: Hashing with linear probing

Goal: Provide efficient ways to
¥Insert key-value pairsina symbol table .

¥Search the table for a given key.

"/ ANALYSIS

Algorithms [l ALGORITHMS

Strategy
¥Use a hash function as with separate chaining.

Section 3.4 pp. 509N518

¥Maintain a table size M that holds N<M pairs.

¥Probe the next position in the table on collision.
Q. Average number of probes to find one of N keys?
R + 5 5-1 5— R+ 1’K " 1069 Difficult proof

| 4 4 4 (Knuth, ) Landmark result The Art of

R0 Computer
Programming

8(4)! Y4 when table is full ( N = M ! 1)

when table is reasonably sparse (  N/Mis not close to 1)

"o DONALD E. KNUTH

42



A footnote

Q. Average number of probes to find one of N keys?

’ 951 5— R+-1
04 4 4

A. (Knuth, 1962)

R

The only footnote in KnuthOs books (p. 529 vol. 3):

OThe author cannot resist inserting a biographical note at
this point: | first formulated the following derivation in 1962
... Since this was the first nontrivial algorithm | had ever
analyzed satisfactorily, it had a strong influence on the
structure of these books.O

The origin of the analysis of algorithms

HE CLASSIC WORK
NEWLY UPDATED AND REVISEL

The Art of
Computer
Programming

VOLUME 3

DONALD E. KNUTH

43



Another footnote

Exercise 8.39  Use the symbolic method to analyze linear probing*.

o LSS OFALGORTHNS
The only footnote in Sedgewick-Flajolet (p. 452):

OThe temptation to include one footnote at this point canOt
be resisted: We donOt know the answer to this exercise! O

A challenge to students and researchers

A. Deep connections to properties of random graphs, tree inversions, gamblerOs

ruin, path length in trees, properties of mappings, and other classic problems.
Explained by an Airy law.

UCTION

ANALY

ALGORITHMS

Linear probing and graphs (Knuth, 1997)
On the analysis of linear probing hashing (Flajolet, Viola, and Poblete, 1997)

44
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Mappings

Q. How many N-words of length N ?

Mi1=1

A. NN

11
12
21
22

M2 =4

111
112
113
121
122
123
131
132
133

211
212
213
221
222
223
231
232
233

Ms = 27

311
312
313
321
322
323
331
332
333

1111
1112
1113
1114
1121
1122
1123
1124
1131
1132
1133
1134
1141
1142
1143
1144
1211

2111
2112
2113
2114
2121
2122
2123
2124
2131
2132
2133
2134
2141
21472
2143
2144
2211

3111
3112
3113
3114
3121
3122
3123
3124
3131
3132
3133
3134
3141
3142
3143
3144
3211

M4 = 64

4111
4112
4113
4114
4121
4122
4123
4124
4131
4132
4133
4134
4141
4142
4143
4144
4211

46



Digraph model for mappings

Every mapping correspondstoa  digraph .
¥ N vertices, N edges.

¥ Every node has outdegree 1.
¥ Every node has indegree between 0 and N.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37
9 122933 5 203037262013 8 2 3329 2 353733 9 352118 2 25 12033231829 5 5 9 11 5 11

Natural questions about random mappings .%’
* Probability that the digraph is connected ? @ @ @
* How many connected components ? \@

* How many nodes are on cycles ? '\E@



Cayley trees

Q. How many different labeled rooted unordered trees  of size N?

313
322

Ci=1
C=2
Cs=9
Short form: N-words grouped with unlabeled trees
112
1 g} 11 221 222
22 233 333

A. NN via Lagrange inversion (see next slide)



Lagrange inversion

is a classic method for computing a functional inverse

Def. The inverse of a function f(u) = z is the function u = g (2).

. W= N3s

Lagrange Inversion Theorem.

IfaGF N3 = ~ N,ahtisfies the equation z=1(g(2)
LIJ M \ U
with f (0)=0 and f' (0)# Othen N,= —=[\Y ] ——
U
Proof. Omitted (best understood via complex analysis.
\ , | ;
B W= —— N= P10 V=0 )Y ()= 2

w

Analytic combinatorics context: A widely applicable analytic transfer theorem

49



Lagrange-BYrmann inversion

A more general (and more useful) formuation:

Lagrange Inversion Theorem (BYrmann form).

IfaGF N3 = ~ N,ahtisfies the equation z=1(g(2))

W
with f (0) =0 and f' (0) # O then, for any function

al /(N3 = -\ 1Y)

Stay tuned for applications.

H(u), «<——— H(u) = u gives the basic theorem

\ l

W)

50



Lagrange inversion: classic application

How man y binary trees w ith N external nodes?

Class T, the class of all binary trees

Size The number of external nodes

Construction

OGF equation

Extract coefficients
by Lagrange inversion
with f(u)=u! u?

= A+
(3= at (3
a= (3! (9

[aS];(a): —5[\5! ] T

51
5 51

Lagrange Inversion Theorem.

Ifa GF g(z) = Zgnz” satisfies the equation z= f (g (2))

n21 1 n—1 u n
with £(0) =0 and f'(0) # O then 8n = ;[u ]('((T)) .

Take M=Nand k=N!1in
: .
! R+ 41
= d

(! a3+ 41

51



Cayley trees

Example —( : )
Class C, the class of labeled rooted unordered trees xamp C@) E ( >
I eH I a5 6 2 11 2 2 51 @

EGF *(9= Jcm! *Sg o

s O é}

Construction *= Al (:,;(*) <«— r"atreeis aroot connected to a set of trees”
EGF equation *( a = a E( 3
.. Lagrange Inversion Theorem.
Extract coefficients 5| L
by Lagrange inversion [ ] *( a — _[ \ : W Ifa GF g(z §gnz satisfies the equ?tlon z= f(j (zn
with f(u) = u/ev with f(0) =0 and f'(0) # O then gn = —[u"" 1](m) :
5 5!
! —
— [ \ 5! ] L\ 5 —

*5= S35 @

52



Connected components in mappings

Q. How many different cycles of Cayley trees of size N ?

1 g} 112 211
11 131 212
Vi=1 22 221 232
233 311
313 331
- 322 332

Y2 =3 111
599 231
333 & 312

Ys = 17
55 ~

A | —— (see next slide)




Connected components in mappings

(3~
Class Y, the class of cycles of Cayley trees Example e @ ‘_@‘_—@

\ (&)
! | !
EGF @3 = : ! @g &) o

Y1
‘!@ll' 5" | 1 10 2 1 10 2 9 1 2 3 1 @\D

Construction @ * @)

A

"a component is a cycle of trees"

Lagrange Inversion Theorem (Birmann form).
EGF equation @=In ———~
| *( a Ifa GF g(z) = Zg,,z” satisfies the equation z = f(g(2))
n>1
Extract coefficients with £(0) = 0 and f'(0) # O then, for any function H(u),
i i 5 — 5! \5 n
by ngrange inversion [ a ] @a = _[ \ ]'— L M (g(z)) = %[unq]H,(u)(%)
with f(u) = u/ev ) I\
and H(u) =In (1/(1- u)) I 5 R ! 55" R

(5! K

|l R5 Il R 5

. ol
@= SA1@= 57 s p

A

55

= 5% g(5)!

54



Mappings

N
Class M, the class of mappings SEhEE C@) @

G N
EGF 4(6):! ﬂ!! 45§ 9 C@)\@

T|! !
T 4 | | 5" S 12 13 1 10 13 9 7 7 3 1 1 10 10 é
Construction 4= :,,(*@(*)) «———— "amapping is a set of cycles of trees"
! - Lagrange Inversion Theorem (Birmann form).
EGF i = - =
GF equation 4( a exp ln | *( a | *( a Ifa GF g(z) = Zg,,z” satisfies the equation z = f(g(2))
' ' n>1
Extract coefficients with £(0) = 0 and f'(0) # O then, for any function H(u),
v 5 - 5! \5 n
byLagrange-BYrmann - [a’]4(9 = £[\* J7——s-L 2 H(g(z) = 1" 1) (75
with f(u) = u/ e (!'\)
and H(u) = 1/(1- u) ! 5R ! R ! 5 R 55

55



Rho length

Def. The rho-length of a function at a given point is the number of iterates until it repeats.

EX-f(X)=X2+1mod99 . @ )
T /
a l e 50 b ‘_ rho-length of f(3) is 10
| (10} t b \b
b

& 5oL
b 1

b

Q. Algorithm to compute rho length ? Floyd's algorithm

inta=x,b=1(x),t=0;
while (a !=b)
{a=1(a); b =f(f(b)); t++; }

A. Symbol table? NO, rho length may be huge.

A. Floyd's " tortoise-and-hare " algorithm
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Mapping parameters

are available via EBGFs based on the same constructions

Ex 1. Number of components Y
Construction 4= —:,;,(\*@*)) f ;
: .
EGF equation  4(g=exp \In = ‘0/
b *(a (! %9
Ex 2. Number of trees (nodes on cycles)
Construction 4= :,(*@k\*) .A%/H,A
! .
EGF equation 4( a = exp In W = m ./’
Q. # of components? A.ln 5
Q. # of trees? A Y
Q. Tail length? A Y5
Stay tuned to Part Il for asymptotics. Q. Rho length? Al Y5



Application: Pollard's rho-method for factoring

factors an integer N by iterating a random quadratic function to find a cycle.

Pollard's algorithm

Q. How does it work ?
long a = (long) (Math.random()*N), b = a;

long ¢ = (long) (Math.random()*N), d = 1,

A. Iterate f(x) = x2 + c until finding
while (d == 1)

a cycle ala Floyd's algorithm. {
Use a random Yalue of ¢ and start a = (a%a+c) % N:
at a random pOIﬂt. b = (b*b + c)*(b*b + c) + ¢ % N;
if (@ > b) d = gcd((a - b) % N, N);
else d =gcd((b-a) % N, N);
}

Ex. N =99 (with c=1) . AN

need arbitrary-precision
integer arithmetic
package in real life
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Application: Pollard's rho-method for factoring

factors an integer N by iterating a random quadratic function to find a cycle.

Pollard's algorithm
Q. How does it work ?
long a = (long) (Math.random()*N), b = a;

A. Iterate f(x) = x2 + c until finding long ¢ = (long) (Math.random()*N), d = 1;

a cycle ala Floyd's algorithm. ‘{Nh"e (d==1)
Use a random Yalue of ¢ and start a = (a%a+c) % N:
at a random pOIﬂt. b = (b*b + c)*(b*b + c) + ¢ % N;

if (@>Db)d=gcd((a-b)% N, N);
_ else d =gcd((b-a) % N, N);
Q. Why does it work ? }

A. Easy if you know number theory.

N

"magic"” if you don't

Q. How many iterations ?

A. ! Y5 if random quadratic functions are asymptotically equivalent to random mappings.

conjectured to be true

but still open
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ANALYTIC COMBINATORICS

PART ONE

9. Words and Mappings

¥ Words
ANALYSI ¥ Birthday problem
AT1.GORITHMS ¥ Coupon collector problem
¥ Hash tables
¥ Mappings
http://aofa.cs.princeton.edu ¥ Exercises

9f.Words.Exs



Exercise 9.5

Being really sure that the birthday trick will work.

Exercise 9.5 For M = 365, how many people are needed to be 99% sure that two
have the same birthday?
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Exercise 9.38

Abel's binomial theorem (easier than it looks).

Exercise 9.38 (“Abel’s binomial theorem.”) Use the result of the previous exercise
and the identity e(®tF)C(2) = ¢aC(2)AC () to prove that

TO T

ALGORITHMS

(a+B)(n+a+p)"" _O‘BZ()kwLak L — k4 g1
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Exercise 9.99

[Not in the book, but should be there.]

Exercise 9.99 Show that the probability that a random mapping of Nize
has no singleton cyclesi®/e the same as for permutations (!).

ALGORITHMS

SECOND EDITION
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Assignments

1. Read pages 473-542 in text.

2. Run experiments to validate mathematical results.

Experiment 9.1. Implement linear probing hashing and run
experiments for N =1 millionand M =900,000 to validate
the prediction from Knuth's analysis that about 5.5 probes
should be needed, on average, for a successful search.

Experiment 9.2. [Exercise 9.51] Write a program to find the rho
length and tree path length of a random mapping. Generate 1000
random mappings for N as large as you can and compute the
average number of cycles, rho length, and tree path length.

3. Write up solutions to Exercises 9.5, 9.38, and 9.99.

AN INTRODUCT 10

/ ANALYSIS
ALGORITHMS

SECOND EDITION

ROBERT SEDGEWICK
PHILIPPE FLAJOLET
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