AofA Analytic Combinatorics TEQ O

Q. How many binary strings of length N have no occurrence of 01?

A. Trick question!



AofA Analytic Combinatorics TEQ 1

Q. How many binary strings of length N have no occurrence of 0117?



Symbolic method: binary strings with restrictions
Ex. How many N-bit binary strings have no two consecutive 0s?
Class  Boo, the class of binary strings with no 00 Atoms type class size  GF
0 bit Zo |1 z
Size  |b|, the number of bits in b
" 1 bit 4 | z
ocr  Boo(2) =Y 2"
bEBoo
; B = E+ Z 71+ 7 7 B “a binary string with no 00 is either PrObany nQEd al -page CheatSheet'
Construction o0 =£E+2o +( 1+ 4o X 1) X Boo empty or O oritis 1 or 01 followed
by a binary string with no 00"
OGF equation Boo(z) = 14z + (z + 2*)Boo(2)
1+z
solution Boo(z2) = ————
00(2) 1—z-22
[2V]Boo(2) = Fn + Fny1 = Fnyz 1,1,2,3,58,13,.. ¥
3

R ————————— BOOIE+ZO+(Z1—|—ZOXZ1)><BOO

Boo(z) =1+ z+ (z 4 2°)Boo(2)

1+z
Pt} =7,




Bo11: class of binary strings with no 011

Poi1: class of binary strings whose only 011 is at the beginning

EQ1 E+ (Zo+ Z1) X Boir = Bour + Pour

1+ 22B¢11(2) = Bo11(2) + Po11(2)

EQ 2 (Zo x Z1 x Z1) x Boi1 = Pou

2°Bo11(2) = Po11(2)

Note: true for any pattern p:
prepending a 0 or a 1 to a p-free binary string
gives a p-free binary string
or a binary string whose only occurrence
of p is at the beginning”

Note: In general, RHS may be more complicated

Boou (2) 1 1 1

Z) = = = =
oot 122423 (1—-2)(1—-2-22)  (1-2)(1-¢2)(1—¢2)
Probably too intricate for an inclass midterm (borderline, at best) 2] Boo1(2) = L

V5



Boio: class of binary strings with no 010

Poio: class of binary strings whose only 010 is at the beginning

EQ 1

EQ 2

E + (Zo + Z1) X Boio = Bo1o + Po1o

(Zo x Z1 x Zy) x Bo1o = Po1o H(Zo x Z1) x Poio

T

if the string from Boio begins with 01
constructed string begins with 01010 (two occurrences of 010)
01 followed by a string whose only 010 is at the beginning



AofA Analytic Combinatorics TEQ 1 (improved version)

Q. Match each combinatorial class with a construction.

E+ (Zy+Z1)x B=B+ (Zyx Zy) X B
binary strings

B=FE+71+(Zo+7Z1 X Zy) X B

binary strings with no 01

E+Bx (Zy+Z1) =B+ B Xx (Zyx Zy X Zy)
binary strings with no 11
E+Bx (Zyx Z1)=B+ (Zyx (Zy+ Z1)) X B

binary strings with no 001
B=FE+Zy+ (Z1+ Zy X Z1) X B

binary strings with no 00

B=F+ (Zy+ 7Z1) x B



AofA Analytic Combinatorics TEQ 2 (2015 exam)

1 1

6. Let k, = [2" 1 . Then:
Q et kn [z]mogl_zz 1en
® i
k, ~ log 3
n 0g e
n with correct version of formula!
n /
n f(Z) f(p) —n, a—1
A= " T "
Lesson: Need a 1-page cheatsheet. p(%) — /7
1) =1
['(s+1) = sI'(s)




AofA Analytic Combinatorics TEQ 2 (improved version)

2n—1
Q. Match each expression with an approximate value. -
1
[2"] 3ntt
vV1—3z
1 1 3n—|—1
" 1
S T n
2] 1 3"In3
w F@) ) (1—22)(1 — 32)
AT Y T " 3"
1 /7
. [zn] In mn
I'(z)=vn v1—-2z2
2 3n
ra)=1 a1 1
12"] In
F(S—I—l):SF(S) 1 — 3z 1 — 22 37 1n 3
/TN




The hard way:

1 mn _n
g a ey — FIL ) ()

n>0 n>0

_ Z 2k3n—k

0<k<n

=3" ) (2/3)"

0<k<n



Still not convinced?

& WolframAlpha .

(Taylor series)

(converges when

Series[1/((1-22)(1-32)), {z, 0, 10}] 8
= ONN==I, it Web Apps = Examples >3 Random
Input interpretation:
1 point z=0
series _—
(1-22)(1-32) order Z10
Open code (=
Series expansion at z=0: More terms

1+5z+192% +652° +211z% + 665 z° + 2059 z° +
6305 z7 + 19171 z° + 5802527 + 175099 z'° + 0(z'?)

1)

LK 15— bc — 70x10

1%
%
—-% be

bc 1.06

Copyright 1991-1994, 1997, 1998, 2000 Free Software Foundation, Inc.
This is free software with ABSOLUTELY NO WARRANTY.

For details type “warranty'.
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